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Abstract 

We prove a formula connecting the number of unipotent conjugacy classes 
in a maximal parabolic subgroup of a finite general linear group with the num- 
bers of unipotent conjugacy classes in various parabolic subgroups in smaller 
dimensions. We generalise this formula and deduce a number of corollaries; in 
particular, we express the number of conjugacy classes of unitriangular matri- 
ces over a finite field in terms of the numbers of unipotent conjugacy classes in 
maximal parabolic subgroups over the same field. We show how the numbers 
of unipotent conjugacy classes in parabolic subgroups of small dimensions may 
be calculated. 

1 Introduction 

Let 5 be a prime power and be the finite field with q elements. If k and m are 
nonnegative integers, let Mm,k{q) be the set of all to x A: matrices over F^. Let 
1 = (li, . . . , Zs) be a sequence of nonnegative integers. Writing Mk{q) = Mk^k{q), 
let M'(g) be the set of all matrices of the form 

Mi,{q) ... Mi.j^Sq) 

V ... MiM ) 

Let P^{q) be the group of all invertible matrices in M'(g'). The group P^{q) 
is called a parabolic subgroup of the group GLm{q), where m = Zi + ■ • • + /s. 
Alternatively, a parabolic subgroup may be described as the stabiliser of a flag 
in the vector space F™. Let A'(g) be the set of all nilpotent matrices in A/'(g). 

The group P'(q) acts on the set by conjugation: = gxg"^ [g £ 

P^{q), X £ M'(q)). We investigate the number of orbits of this action and also 
the numbers of orbits of the actions of P^{q) on certain subsets of M^{q). 

Throughout the paper, we denote by j(G,X) the number of orbits of an 
action of a group G on a finite set A, where the action is understood. Let 

Mq)=l{P\q),N\q)). 
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Although the groups have received a lot of attention, not much is 

known about the numbers 'y{P^{q), P^{q)) and pi{q). In particular, it is not 
known whether the following is true. 

Conjecture 1. For every tuple 1 — {li, . . . ,ls) of nonnegative integers, p\{q) is 
polynomial in q. 

(Here, and in what follows, we call a rational-valued function f{x) defined 
on a set D of integers polynomial if there exists a polynomial g with rational 
coefficients such that f{x) = g{x) for aU x G D.) Write (1™) = (1, 1, . . . , 1). The 



following two special cases of Conjecture [T] have received considerable attention 
and will be of particular interest to us. 

Conjecture 2. For every positive integer m, P(im){q) is a polynomial in q with 
rational coefficients. 

Conjecture 3. For any positive integers k and m, P(k.m){Q) is a polynomial in 
q with rational coefficients. 

It is not difficult to show that Conjecture [5] is equivalent to the conjecture 
that the number of conjugacy classes of the group of upper unitriangular n x n 
matrices is a polynomial in q with rational coefficients (see ^ Section 4.2]). 
This last conjecture has been proved for n < 13 by J.M. Arregi and A. Vera- 
Lopez 0111 Hn]. Conjecture [3] has been proved for fc < 5 (or, alternatively, for 
m < 5); indeed, S.H. Murray [7 proved that in those cases P(k,m){Q) does not 
depend on q. 

A partition is a (possibly, empty) non-increasing sequence of positive inte- 
gers. If A = (Ai, . . . , Xr) is a partition, let |A| = Ai + - ■ ■ + Xr, and write 1{X) = r. 
If fc,m e N, let Vk be the set of all partitions A with |A| = k, let 7-"" be the 
set of partitions A such that Ai < m for all i, and let VJT' — Vk <^ 'P™'. Let 
p{k) = \Vk\. 

Let m G N, and let A ~ (Ai, . . . , Xr) be a partition such that Ai < m. Define 

S{m, A) = (A,., Ar-i - Xr,Xr-2 " A,._i, . . . , Ai - A2, m - Ai). 

Let i^™(<7) = Ps{m.\)iQ)- Thus, i^™(g) is the mmibcr of P'(g)-orbits of N^{q) 
where P'(q) is the stabiliser of a flag 

jpA,. < ]pA,.-i < . . . < < F™. 

We shall generalise the definition of v^{q) as follows. Let be the algebraic 
closure of the field F^, and let be a subset of Fg. Let y — yp be the family of 
all linear endomorphisms T : U —>■ U (where U is an arbitrary finite dimensional 
vector space over F^) such that all eigenvalues of T over Fg are in F. We shall 
say that y is the class of endomorphisms associated with F. We shall refer 
to elements of this class as y- endomorphisms. Obviously, y is preserved by 
conjugation. Note that the family of all nilpotent endomorphisms and the 
family of all invertible endomorphisms are both classes. If is a class and 
m e Z>o, let c{m,y) be the number of GLm(Fq)-orbits on y nMm(^q)- We 
shall denote by M the class of all nilpotent endomorphisms. Note that 

c(m,7V) = p{m), 

the number of partitions of m. This follows from the fact that nilpotent matrices 
in Jordan canonical form form a complete set of representatives of GLm(q)- 
orbits on Nm(g), the set of nilpotent m x m matrices. 
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Let ^ be a class (of endomorphisms), and let to G N. Let A = (Ai, . . . , A,.) G 
7"" (that is, Ai < to). Define 

One of the main results of this paper is as follows. 

Theorem 1.1. Let k and to be positive integers. Let q be a prime power and 
y be a class of endomorphisms overFq. Then 

k 

j=o AePj" 

Ln particular, 

k 

P{k,m){q) ^^P{k ~ i) v';^{q). 
3=0 AG-P]" 

Remark. S.H. Murray [6] has proved a similar result stated in terms of irre- 
ducible representations of parabolic subgroups. This result implies Theorem ll.il 
in the case when y is the class of all invertible matrices. The proof in [B] is 
different from the one given here. Unlike the proof in this paper, the proof in [B] 
establishes not just a numerical equality, but also an explicit correspondence 
between representations. It is an interesting question whether the method of 
can be extended to prove an analogue of the more general Theorem 16.21 

We will deduce the following two results from Theorem ll.il 

Theorem 1.2. Let to G N, and let n — m{m — l)/2. There exist integers 
ao, ai, . . . , a„ such that, for all prime powers q, 

n 
j=0 

Hence, Conjecture\^ implies Conjecture\^ 

If 1 = (/i, . . .,ls), write Pk,\{q) for P{kdu...,L)i<l)- 

Theorem 1.3. Let k,m G N, and let n = m{m — l)/2. There exist integers 
flfeo, • • ■ , ftfcn such that, for all tuples \ — {li, . . . ,ls) of nonnegative integers with 
h + ■ ■ ■ + Is — m, 

n 

Pk,\{q) = ^afcjPj-i(g). 

Using the methods developed in the proof of Theorem ll.il one may compute 
pi{q) for all tuples 1 = (/i, . . . ,ls) with Zi + • ■ • + < 6. In particular, the 
following holds. 

Proposition 1.4. Let 1 — {li, ... ,ls) be a tuple of nonnegative integers with 
li + - ■ ■ + ls < G. Then p\{q) is a polynomial in q with positive integer coefficients. 
Hence (by Theorem l 1 . 1\) P[k,m){q) is polynomial inq whenever m < 6 and k G N. 

This paper is organised as follows. In Section [5] we describe a general frame- 
work of quiver representations and their endomorphisms, which is used to state 
and prove the results. In Section [3] we show, in particular, how the numbers 
j{P^{q), -P'(<z)) and 7(P'(q), A/'(q)) may be expressed in terms of pviq"^) where 
d G N and 1' is another tuple of nonnegative integers. This justifies our focus 
on the numbers pi{q). 
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Section |4] contains a few standard results used later. In Section [5] we prove 
results that serve as the main tools allowing us to reduce problems such as that 
of counting P(k,m)iQ) to other problems in a smaller dimension. In Section [6] 
we use those tools to prove a generalisation of Theorem 11.11 stated in terms of 
quiver representations (Theorem 16. 2p . 

In Section [7] we invert the formulae in Theorems 11.11 and 16.21 and deduce 
Theorems ll.2l and ll.3l This relies on combinatorial results proved jointly with 
G. Wellen in the Appendix. I am very grateful to George Wellen for his part in 
this work. 

In Section [5] we describe a method for computing pi{q) when m = li + ■ ■ ■ + 
Is is small. For this purpose, we generalise our problem to that of counting 
conjugacy classes of groups associated with preordered sets. Finally, Section [9] 
investigates the symmetry afforded by considering a dual quiver representation. 
In particular, we show that 

P{h,...d,){q) = P{h,...,h)ii)- 

Acknowledgments. Most of this paper is a part of my D.Phil, thesis. I 
am very grateful to my supervisor, Marcus du Sautoy, and to George Wellen for 
his part in this work. I would also like to thank my thesis examiners, Dan Segal 
and Gerhard Rohrle, for spotting a number of errors and for helpful comments. 

Notation and definitions 

• 7(G, X) is the number of G-orbits on a finite set X where the action of a 
group G on X is understood; 

• [k, n] = {fc, k + 1, k + 2, . . . ,n} where k < n are integers; 

• 1^1 is the cardinality of a set X; 

• ^ is a partition of a set A" if ^ is a family of disjoint sets whose union is 
X; two elements x and y oi X are said to be A- equivalent if there exists 
A € A such that y e A; 

• Sij = if i ^ and Su = 1; 

• AUB is the disjoint union of sets A and B (formally defined as A x {0} U 
Bx{l}); 

• Iv — I is the identity element of GL{V); 

• /fc is the identity k x k matrix over an appropriate field. 

• Suppose U and V are vector spaces, X e End([/) and Y £ End(F); then 
I{X, Y) denotes the vector space of all linear maps T : U V such that 
TX = YT- 

• ^n{K) is the set of all nilpotent matrices in M„ „(iir); 

• End(F; C/i, . . . , Uk) = {/ G End(F) : f{Ui) C U, Vi} where U, are sub- 
spaces of V\ 

• ^(T/; C/i, . . . , Uu) := End(T/; f/i, . . . , Uu) n GL(l^); 

• By convention, the set of x fc matrices contains just one element (which 
is nilpotent iik — Q), and the group GLo(JC) is trivial; 

• If / and J are finite sets, then yii_j{K) is the set of all matrices over a field 
K whose rows are indexed by the elements of / and whose columns are 
indexed by elements of J; we refer to these as / x J matrices; note that, 
if A e Mi^.j{K) and B e M,j^j,{K), then the product AB e Mi^,j>{K) is 
well defined; 
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• A* is the transpose of a matrix A; 

• Tt{A) is the trace of a square matrix A] 

• If a group G acts on a set X, two elements of X are said to be G- conjugate 
if they are in the same G-orbit; 

• All rings are understood to have an identity element; 

• If i? is a ring, then _R°p is the ring with the same underlying abelian group 
and with the multiplication (r, s) i— > sr; 

2 Quiver representations and automorphisms 

We recall the standard definitions related to quivers (see [T], for example). A 
quiver is a pair {Eq,Ei) of finite sets together with maps a : Ei ^ Eq and 
T : El ^ Eq. Elements of Eq may be thought of as nodes; then each element 
e d El may be represented as an arrow from cr(e) to T(e). Let X be a field. A 
representation of a quiver {Eq, Ei) over K is a, pair (U, a.) such that 

(i) U = {Ua)aeEo is a tuple of vector spaces over K] 

(ii) a. = (ae)eeEi where € IIom(C/„(e), [/.^(e))- 

If (U, a.) is a representation of a quiver (_Bo, £-1), we shall refer to the quadruple 
Q — (Eq, El, U, a) as a quiver representation. A quiver representation may be 
thought of as a collection of vector spaces together with linear maps between 
some of those spaces. 

If (U, a) and (U'.ct') are two representations of a quiver (Eq,Ei), a mor- 
phism between those representations is a tuple {Xa)aeEo such that 

(i) Xa e Hom(?7„, U^) for aU a £ Eq; 

(ii) Q!gXo-(e) = ArT-(e)ae for all e £ 

This defines the category of representations of {Eq, Ei). 

If Q = {Eq, Ei,\J , a) is a quiver representation, write End((5) for the ring 
of all endomorphisms of Q and Aut((5) for the group of all automorphisms of 
Q. Let N{Q) be the set of all nilpotent elements of End{Q). The group Aut(Q) 
acts naturally on the set End{Q) by conjugation: if X = (Xa) G End{Q) and 
g G Aut(Q), then 

goX = {gaXaga^)aeEo- 

Assume that K ^ ¥q, where g is a prime power. We shall be concerned with 
the number of orbits of this action and, more generally, with the number of 
orbits of actions of certain subgroups of Aut(Q) on certain subsets of End{Q), 
such as N{Q) for example. Note that Aut{Q) and N{Q) may be defined in terms 
of the ring structure on End((5), so they are preserved by ring isomorphisms. 
Let 

0(Q)=7(Aut(Q),7V(Q)). 

All the problems discussed in the introduction may be stated in terms of 
quiver representations. If 1 = {li,l2, . . . ,ls) is a tuple of nonnegative integers 
with m ^ li + ■ ■ ■ + Is, let i?i = Ri{q) be the quiver representation 

YhC ^ ph+hc ^ . . .c ^ ]ph+-+i.-ic ^ F™ 

where all the arrows represent injective linear maps. More formally, 

Ri = {[l,s],[l,s~l],U,a) 
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with a{i) = i, T{i) = i + 1 for all i G [1, s — 1], Ui = F^^"' and at injective. 
Obviously, these conditions define R\ up to isomorphism of representations. 
We may choose a basis {bi, . . . ,bm} ofUg = F™ so that, for each i, the image 

ofUi = FJ^I"' under as-i • • • ai+iai is equal to the span of {61, . . . , bi^-\ 

Let Ji : End(i?i) Mm.rn{q) be the map which assigns to each X = {Xi)i^[i s] G 
End(i?i) the matrix of Xs G End(F™) with respect to the basis {bi, . . . ,bm}- 
Then the following result is obvious. 

Lemma 2.1. The map J\ is a ring isomorphism from End(i?i) onto M^{q). 
Hence, p\(q) = 0{R\). 

Call a quiver representation Q' = (£^0, -Bi, U', a') an extension of a quiver 
representation Q = {Eq, Ei, U, a.) if 

(i) E'^DEo; 

(ii) C/^ = Ua for all a € Eq; 

(iii) for every X = {Xa)aeE'g G End{Q'), the tuple {Xa)aeEo belongs to 
End(Q). 

Let Q' be an extension of Q. Define a map n = ttq : End{Q') End((5) 

by 

If B C End(Q), let B^' = 7r-i(B). If G is a subgroup of Aut(Q), define 
= 7r^^(G) nAut(Q'). (This will cause no ambiguity if a group is considered 
a distinct object from the set of its elements.) 

Let Q = {Eq, Ei,U,a) be a quiver representation, and let e G .E with 
a{e) = a, T(e) = b. Let Y = kcr(Q:e) < Z = im(ae) < U^. Define an 
extension K{Q, e) = {Eq, , U', a') as follows: 

(i) E'„=EoU {c}; 

(ii) U;, = Y (and C/^ = C/^ for x G Eq); 

(iii) E[= EiU {e'} where a{e') = c, T(e') a; 

(iv) a'^ = af for all f G Ei, and a'^, is the inclusion map Y ^ Ua- 
Define another extension I{Q,e) = {Eq,E",U",cx") as follows: 

(i) Eli = EoU {d}; 

(ii) U'J = Z- 

(iii) E'l = {El \ {e}) U {e«,e"}, where a(e") = d, T(e") = 6, CT(e«) = a, 

T(e«) = d; 

(iv) a'j = af for all f € Ei\ {e}, a"„ is the inclusion map Z ^ Ub, and a"j 
is the map Ua ^ Z given by a"j (w) = ae{v) G F. 

Clearly, K{Q, e) is an extension of Q. Also, Q" := I{Q, e) is an extension of Q: 
if X G End((5"), then a^Xa — Xha^ because = a[',,a"f. 

Lemma 2.2. Let Q = {Eq, Ei, U, a) be a quiver representation, and let e £ Ei. 
Let Q' = K{Q, e) and Q" = I{Q, e). Then the maps n^' : End(Q') End{Q) 
and ttq : End{Q") — > End{Q) are ring isomorphisms. 

Proof. As above, let a = a{e), b = T(e), Y — ker(ae), Z = im(ae). Let 
X = {Xi)i^Eo € End((5). Since agXa = X^ae, the map Xa preserves Y and 

Xb preserves Z. Any element X' G (ttq j (X) satisfies ol'^iX'^ = X'^a'^,. 
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Since ol^, is injective, it follows that ^ttq ^ (X) = {X'}, where X'^ = Xalv- 

Similarly, (n^"^ ^ (X) = {X"}, where X'^ = Xb\z- Hence, tt^' and tt^" are 
bijections. □ 

3 Reduction to nilpotent endomorphisms 

In this section we show that, if is a class of endomorphisms over F^, the 

problem of counting orbits of ^-endomorphisms of a quiver representation may 
be reduced to that of counting orbits of nilpotent endomorphisms of various 
quiver representations. (A y-endomorphism is an endomorphism X such that 
Xa G y for all a.) We use standard methods related to rational canonical forms. 
The results of this section are not used elsewhere in the paper, but provide some 
motivation for our later focus on nilpotent endomorphisms. 

Let [/ be a vector space over a field K. Let L be a field containing K. 
Suppose U' is a vector space over L that becomes U if one restricts the scalars 
to K; that is, U' = U as sets and multiplication by scalars from K in U is 
the same as in U'. We shall say that U' is an L- expansion of U and U is 
the restriction of U' to K. Let Q = {Eq, Ei,\J,cx) be a quiver representation 
over K. Say that a quiver representation Q' = {EojEijU^a.) over L is an 
L- expansion of Q (and Q is the restriction of Q' to K) if, for each a E Eq, the 
space U'l^ is an L- expansion of Ua- (Then ae is L-linear for each e G Ei.) 

Let X e End(Q). If a & Eq and / is a monic irreducible polynomial over 
F„ let 

Uyij^a = {u £ Ua ■■ fiXafu = for some k G N}. 

Then Ux.j,a = for all but finitely many /. For all monic irreducible poly- 
nomials / G ^q[T] and all e G Si, we have Q!e(f^x,/,o-(e)) ^ t^x,/,r(e)- Thus, 
Ux,/ := {Ux,f,a)aeEo induces a subrepresentation Qx,/ of Q. 

Lemma 3.1. Let Q be a quiver representation over¥q. Suppose X G End(Q). 
Then 

Q = 0Qx,/ 

/ 

where the sum is over all monic irreducible polynomials f over F, . Moreover, 
the isomorphism class of each component Qxj is an invariant of the Aut(Q)- 
orbit o/X. 

Proof. The first statement follows from the fact that Ua = 0j Ux,f,a for each 
a. The second statement is clear. □ 

We now consider each quiver representation Qx,/ separately. Fix a monic 
irreducible polynomial / = f{T) over F,. Let d be the degree of /. Suppose X is 
an endomorphism of a quiver representation Q over ¥q such that Q ~ Qxj- Let 
Fq[T](j^) be the localisation of Vq[T] at the ideal (/); it consists of all fractions 
g/h such that g,h G Fq[T] and h is not divisible by /. Then X induces an 
Fq[T](y)-module structure on each Ua- multiplication by T is given by the 
action of Xa- Moreover, each becomes an Fg[T](j^')-module homomorphism. 

Let Sf be the completion of the discrete valuation ring Fg[T](j:). That is, 
Sf is the inverse limit of the rings F,[T]/(/'=), k = l,2,-.- Any finite Wq[T](^fy 
module is annihilated by f'' for large enough k- Thus, a finite Fg[T](y^)-module 
may be thought of as a (finite) ^z-module (and vice versa). 
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Now, by \2, §9, Proposition 3], Sf is isomorphic to Fqd[[Z]], the ring of 
formal power series over a variable Z. Indeed, let r be the element of Sj whose 
projection onto FjT]/(/'=) is r«"' for each k eN. Then Fg[r] C S"/ is a field 
isomorphic to F^d, and each element of Sf may be represented as a power series 
in / with coefficients in F^ [r] (see loc. cit. for more detail) . 

Hence, Q gives rise to a finite F^d [[Z]]-module. This module corresponds 
to an Fgd -expansion Q' of Q and a nilpotent endomorphism of Q' (given by 
multiplication by Z). 

Conversely, an F^d -expansion Q' of Q together with a nilpotent endomor- 
phism of Q' gives rise to an F^d [[Z]]-module structure on each Ua in such a way 
that all Q!e are Fqd[[Z]]-endomorphisms. Identifying F^d[[Z]] with Sf as above, 
we get an endomorphism X of Q such that Qx,/ — Q- We have proved the 
following result. 

Lemma 3.2. Let q be a prime power, and let f be a monic irreducible polyno- 
mial over ¥q of degree d. Suppose Q is a quiver representation over ¥q. Then 
the Aut{Q)-orbits of endomorphisms ^ of Q such that Q:x.j = Q o-f^ in a one- 
to-one correspondence with A\xi{Q)- orbits of pairs (Q'jZ) such that Q' is an 
¥gd -expansion of Q and Z G N{Q'). 

Let y be a class of linear endomorphisms over ¥q, as defined in Section [TJ 

Let 

End:^,(g) = {X e End(Q) : Xa £ y for all a e 

Let F be a subset of F^ such that y — yp- Call a polynomial / G ¥q[T] a 
y -polynomial if all the roots of / (over F^) are in F. Let ky,d{q) be the number 
of monic irreducible J^-polynomials of degree d. 

Consider again an arbitrary quiver representation Q = [Eq, Ei,\J , a) over 
¥q. Lemmata l3.1l and l3.2l allow us to express 7(Aut(Q), End3;((5)) in terms of 
0{Q'q) where Qq varies among direct summands of Q and Q'q is an expansion of 

Qo- 

Let X G F,ndy{Q). By Lemma 13.11 there exists a finite set {fi}i£j of 
irreducible 3^-polynomials such that Q = ®j^jQj where Qj = Q:x.jj. Here, 
J is a finite indexing set. Let e{j) = deg/j. By Lemma [3.21 each Qj together 
with the restriction of X to Qj corresponds to an F^ec,) -expansion Q'j of Qj 
together with a nilpotent endomorphism Z^-*^ G N{Q'j). Up to conjugation by 
Aut{Qj), the endomorphism Z'^-'^ may be chosen in 9{Q'j) ways (by definition). 
Let A be the partition of J that consists of the sets 

{j G J : Q; ~ Q'J 

where i varies among the elements of J. In particular, e(i) = e{j) whenever i 
and j are ^-equivalent. 

Proposition 3.3. Let Q be a quiver representation overWq. Then 

(Q'a)a€A A£A 

Here, the first sum is over all decompositions Q = Qi of Q as a direct 

sum of representations; two such decompositions are considered to be the same 
if one may be obtained from the other by permuting the indices i and replacing 
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each Qi with an isomorphic representation (we assume that J = [1, | J|]J. The 
second sum is over all partitions A of J such that Qi ~ Qj whenever i and j are 
A-equivalent. The third sum is over all maps e : J — > N such that e{i) = e(j) 
whenever i and j are A-equivalent. The last sum is over all isomorphism classes 
of tuples iQ'j^)AeA where Q'j^ is an Y^eii) -expansion of Qi (i is an arbitrary 
element of A) and the quiver representations Q'j^ (A G A) are pairwise not 
isomorphic. 

Proof. Suppose A, e, — Qi {i & A), as above, are fixed. There are 

l\{kyAq)-\e-'{d)\y. 

ways to assign a monic irreducible 3^-polynomial fi of degree e(i) to eacli i G J 
so tliat all those polynomials are distinct. (Note that all but finitely many terms 
in the product are equal to 1, so the product is well defined.) There are 

n ^(Q^)i^i 

ways to choose, for each i e J, an Aut(Q^)-orbit in N{Q^). By Lemmata 13.11 
and 13.21 these assignments determine an Aut((5)-orbit in 'Eiidy{Q), and all 
orbits occur in this way. However, a permutation of the indices within a subset 
A ^ A yields the same orbit. Thus, each orbit giving rise to this particular A 
is obtained by Ilyie^d^lO such assignments. Hence, we must divide by this 
number to obtain the number of orbits. □ 

Now let 1 — {li, . . . ,ls) be a tuple of nonnegative integers, and consider the 
quiver Ri{q). If 1' = (/'i, . . . , Z^) is another such s-tuple, let 1+1' = {h+l'i, . . . , Zs+ 
Q; write 1 < 1' if < l'^ for all i. Also, if 6 S Q, let 61 = {bh, bl,). It is easy 
to see that all decompositions of i?i into direct sums of subrepresentations are 
of the form 

n 
i=l 

where 1 = 1^ + • • ■ + 1". Let d G N. If not all k are divisible by d, then there is 
no F^d -expansion of Ri{q). If all h are divisible by d, then Ri{q) has a unique 
(up to the action of Aut{R\{q))) F^d -expansion, namely Ri/diQ"^)- 

Consider the set of tuples J = (1^, . . . , 1", di, . . . , d„) such that each V is an 
s-tuple of nonnegative integers, not all equal to zero, di £ N for each i and 

n 
i=0 

Let ^(1) be a complete set of representatives of the action of the symmetric 
group Sn on this set, where the action is by permuting the indices 1, . . . ,n. 
Less formally, ^(1) is in a one-to-one correspondence with ways to decompose 
Ri{q) as a direct sum of quivers Ri'{q) and to expand each Rv{q) to Rv /d{(f) 
for some d. 

By LemmaO the numbers ■^{P^(q), P^(q)) and -f{P^{q), M^(q)) may both 
be expressed as 7(Aut(i?i((7)), Yiiidy {R\{q))) where y is the class of all invertible 
endomorphisms or the class of all endomorphisms, respectively. If y is one of 
those classes, then ky,d{q) is polynomial in q. We deduce the following from 
Proposition 13.31 
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Corollary 3.4. Let I = (li, . . . ,ls) be a tuple of nonnegative integers. Then 
there exist tuples (aj)jg^(i) and (&j)j6®(i) where aj{T) and bj{T) are polyno- 
mials with rational coefficients such that, for all prime powers q, 

n 

Je®(i) j=i 

7(P'(<z),M'(<z)) = Yl bj{'l)flpAQ''') 
Je®(i) j=i 

In each case, the first sum is over all elements J = (1^, . . . , 1", rfi, . . . , d„) of 

4 Preliminary results 

In this section we state several standard and straightforward results. We prove 
the last of these results; the first two are easy exercises. 

Lemma 4.1. Let G he a group acting on a setY. Let N be a normal subgroup 

of G, and let S be the set of N -orbits on Y. The action of G on Y induces an 
action ofG/N on S via gN oNy = Ngy (for all g £ G, y €Y). Moreover, the 
G-orbits on Y are in a one-to-one correspondence with the G/N-orbits on S. 

Lemma 4.2. Let G be a group acting on finite sets X and Y . Suppose S is 

a subset of X x Y preserved by G. Let R be a complete set of representatives 
of G-orbits on X (so each G-orbit on X contains exactly one element of R). 
Then 

7(G, S) = Y, 7(StabG(a;), {y &Y : (x, y) G 5}). 

Recall that if V and W are vector spaces and X e End(y), Y e End(VF), 
then 

T{X, Y) = {T € Hom(V, W):TX = YT}. 

Lemma 4.3. Let V and W he finite dimensional vector spaces over a field K. 
Suppose X G End(y) and Y e End(VK). Then 

dimI(X,r) = dimJ(y,X). 

Proof. Let V* and W* be the dual spaces to V and W. Let X* e End(y*) 
and Y* G End(VF*) be the maps dual to X and Y: {X* f){v) = f{X{v)) for ah 
f &V*,v&V. Then dimJ(F,X) = dim J(X*, y*): a linear bijection between 

I{Y,X) and I{X* ,Y*) is given by assigning to each map its dual. Also, X* 
and X have the same rational canonical form, as do Y and Y* . Thus, 

dim J(X, Y) = dim J(X*, Y*) = dim J(y, X). □ 

5 Action on the dual space 

Let V be a finite dimensional vector space over a finite field ¥q. If w € V* and 
w G y, we shall write {w,v) for w{v). Suppose a group G acts on V by linear 
maps, so a representation of G on F is given: 

{9,v) '-^ gv- 
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This action gives rise to a representation of G on V* in the usual way: 

i{gw,v) = {■w,g~'^v), 

where g G G, w £ V^*, w £ F. We shaU rely on the following simple result, 
which is a weak version of Brauer's Theorem 11.9]). 

Lemma 5.1. The number of G- orbits on V is equal to the number of G-orbits 
on V*. 

Proof. By a well-known orbit-counting formula, 

where Fixv{g) is the number of elements of V fixed by g. The same holds for 
V*. Therefore, it suffices to show that Fixv{g) = Fixy. (g) for all g & G. 

Let g & G. Fix a basis of V, and let A be the matrix of the action of g with 
respect to this basis. Then is the matrix of the action of g on V* with 

respect to the dual basis. Since rank(^ — I) = rank(^* ^ I) = rank((^*)~^ — /), 

Fixy (5) ^ qn-r^nMA-I) ^ ^«-rank(( A') - ^ -/) ^ pj^^^ q 

Let Q = (Eq, El, U, a.) be a quiver representation. Let a,b E Eq. Define an 
extension il.{Q, a, b) = Q' = {E'q, E[,U' , a') of Q as follows: 

(i) E'.^EoU {c}; 

(ii) dim t/^ = dim [/„ + dim Ub', 

(iii) E[ = EiU {ei, 62} where cr(ei) = a, T(ei) = c = a{e2), T(e2) = 6; 

(iv) ttg = Ofg for all e £ Ei] 

(v) Qfej is injective, ofg^ is surjective, and im(Qfej) = ker(ae2), so the sequence 

— ^ C/a ^ f/e ^ C/b — ^ 

is exact. 

Write TT for tt^' : End(Q') ^ End((5). Note that Aut(Q) acts on llom{Xa,Xb) 
in a natural way: go R = gbRga^ (g <= Aut(Q), R G Hom(Xa, ATfc)). 

Proposition 5.2. // X is an endomorphism of Q and H is a subgroup of 
Aut((5) that fixes IL, then 

7(ijQ',7r-i(X)) =7(i7,X(X„Xb)). 

Proof. Let k = dimUa, rn = dimUb- Let (3 — ctex- Let V = (3{Ua) < U'^. 
Choose a complement 11^ of y in [/^, so that U'^ = V (BW. Then e := liy is 
a bijective linear map from W onto C/b- 

For any R G Hom([/b, C/a), let (j){R) be the unique element of 7r^^(X) such 
that, for ?; G t^, w G W, 

(l){R)c{v + w)^ PXaP^^ ■ V + e-'^Xbe ■ w + /3i?e • w. 

Less formally, if one chooses bases for Ua and Ub, uses /3 and to get bases of 
V and W, combines these to get a basis of t/^ and represents linear operators 
as matrices using these bases, then 




11 



Clearly, (p is a. bijection from Hom(C/f,, Ua) onto vr ^(X). For T G Hom(C/b, [/„), 
define ip{T) £ iJ'S' as follows: ip{T)d = for d 7^ c, and 

ip{T)c{v + w) =v + w + (3Te -w Vv eV,w eW. 

As a matrix. 




Consider the surjective group homomorphism tt' ;= 7r|^Q' ; iJ'^ ^ H. Let 
A = kerTr'. Then ip : Hom(C/b, C/a) ^ A is an isomorphism of abelian groups. 
A direct calculation (e.g. using matrices) produces a formula for the action of 
A on 7r-i(X): 

V'(T)0(i?)V'(r)-i = + TXb - XaT). 

Let 

Then the map cj)^^ : 7r^^(X) Hom([/b, Ua) establishes a one-to-one correspon- 
dence between A-orbits on 7r~^(X) and cosets of D in Hom([/b, Ua)- Hence, the 
maps tt' and cj) establish an isomorphism between the action of H'^ /A on the 
set of A-orbits in 7r~^(X) and the natural action of H on Hom(L/f,, Ua)/D. It 
follows, by Lemma |4?11 (applied to the normal subgroup A of H'^ ), that 

-r{HQ' ,7:-\-X)) ^ -fiH,Rom{Ub,Ua)/D). 

The dual space to Hom(C/b, Ua) may be identified with Hom([/a, Ub), where 

(5, R) = tr{SR) VR e Hom(t/6, Ua), S e Hom([/a, Ub), 

and the dual action of H on the space Hom([/a, Ub) is induced by the natural ac- 
tion of GL{Ua) X GL{Ub) on this space. Hence the dual space of Hom(C/f,, Ua)/D 
is 

= {S e Hom([/a, Ub) : tr(i?S') = for all R e D}. 
Any S e I{Xa, Xb) belongs to D-^. Indeed, for aU T e Hom(C/f,, 

tr(5(TXb - XaT)) - tr(5TXb) - tr(5XaT) = tr{XbST) - tr(5XaT) 
= tr((Xb5 - 5X„)r) = 0. 

Moreover, 

dimD^ = km — dimD = dimX{Xb, Xa) = dimX{Xa, Xb). 

(The last equality holds by Lemma li?^) It follows that = J{Xa,Xb). By 
Lemma 15.11 

^{H,nom(Ub,Ua)/D)=^{H,D^)^^{H,I{Xa,Xb)), 
and the result follows. □ 

Proposition 15.21 will allow us to replace the quiver Q' — il{Q, a, b) with 
quivers obtained from Q by adding an arrow from Ua to Ub when counting 
Aut((3')-orbits. A more usable form of this proposition is given by the corollary 
below. 

Let Q — (i?o, U, a), a,b E Eq, Q' = il{Q,a,b), tt ~ ttq be as above. 
Let G be a subgroup of Aut(Q). Let S = E{Q,G,a,b) be a complete set of 
representatives of G-orbits on Hom(?7a, Ub) (the choice of S does not matter). 
For each S £ E, let be the quiver {Eo,Ei U {/},U, a'^) where a{f) = a, 
T{f) —h,af = Qfe for e E El, and = S. That is, is obtained from Q by 
adding the linear map S : Ua ^ Ub- 
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Corollary 5.3. Let B be a subset of End((3) preserved by a subgroup G of 
Aut(Q). Then 

jiG'^' ,TT-\B)) = ^ 7(G n Aut(g^), B n End(Q^)). 

Proof. Let y be a complete set of representatives of G-orbits on B. Let 
Z = {(S*, X) G Hom(C/a, Ub)x B : SXa = XbS}. 

Then 

j{GQ',n-\B)) ^ ^7(StabG(X)Q',^-i(X)) 
= ^ 7(StabG(X),X(X<„Xb)) 

= 7(G, ^) = XI ^('^ ^ Aut(Q^), S n End(Q^)). 

seE 

The first equality holds by Lemma applied to the set 

{(X,X') eBx End(Q') : 7r(X') = X}. 

The second one follows from Proposition 15.21 The third and fourth equalities 
follow from Lemma [4.21 applied to the set Z in two different ways. □ 

The rest of this section is devoted to an informal sketch of a proof of Theo- 
rem [TTT] in the special case when y is the class of nilpotent matrices. A formal 
proof of a more general statement is in the next section. Let Q be the quiver 
representation consisting of vector spaces Ua = and Ub — F™ without any 
arrows. Let Q' = Q{Q,a,b), so Q' is the quiver representation 

ipfcc ^ Fj+™ F'^" 

where the first map is injective, the second one is surjective, and the sequence is 
exact at Fg^™. It is not difficult to see that P[k,m){<i) = ^(Q')- The orbit of an 
element 5*1 e Hom(Fj',F™) with respect to the action of Aut(Q) = GLfc(g) x 
GLm(q) is determined by rank(S'i). Thus, by CoroUarv 15.31 (applied to G = 
Aut(Q) and B — N{Q)), P[k,„i){<l) ~ ^(C) may be expressed as a sum, with one 
summand for each possible value of rank(S'i). If 5*1 = 0, we get the summand 
9{Q) — p{k)p{m). Otherwise, the summand corresponding to Si is 0{Qi) where 
Qi is the quiver representation 




Let Ai — rank5i. Then kerS'i and imS*! may be identified with F^' and F^^ 
respectively. It follows from Lemma [2.21 that 9{Qi) — 0{Q^) where is the 
quiver representation 

F^-^iC ^ Fj F^iC ^ F™ 

with the sequence exact at F^. We apply CoroUarv 15.31 again: 0{Qi) may be 
expressed as a sum of terms corresponding to maps S2 G Honi(F^~'*'i,F^i) of 
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varying ranks. (Again, we have one map of each possible rank.) Thus, we 
branch into cases corresponding to the possible values of A2 '■— rank 6*2. 

We continue this argument inductively, considering maps 5*3, 6*4, ... of ranks 

X, := rankS'j until S,+i = for some s. (Here, S'^+i : F^-^i ^' ¥^\) 

Ultimately, we express 9{Q') = P[k,m) (?) a sum of terms indexed by partitions 
A = (Ai, . . . , Xs). The term corresponding to A is equal to 9{Qs) where Qg is 
the quiver representation 

^k-\x\ ipA,c ^]F>-iC ^...C ^F^iC -F™. 

It follows from Lemma [Q that e{Qs) = p{k - \X\)iy^{q). Putting j = |A|, we 
obtain 

k 

P(k-m){q) = ^p{k - j) ^ 

as stated in Theorem ll.il 

6 An inductive argument 

Fix a positive integer m. Let W be an m-dimensional vector space over ¥q. Let 
G be a subgroup of GL(ll^), and let A C End(iy) be a set preserved by G. 

If A = (Ai, . . . , A^) G T?", let Tx be the set of flags W = (W^i, 1^2, ■ • ■ , Ws) 
such that 

W>Wi>W2>--->W,>Q 

and dim W^, = A^. If W = [Wi, . . . , 1^^) G J^a and W = (W^i, . . . , Ws+i) e Tx' 
for an appropriate A' = (Ai, . . . , As+i) (that is, the first s subspaces are the 
same for W and W), we shall write W >- W. For each A G T'™, choose a 
complete set ^a of representatives of G-orbits on T\ . We may assume that these 
choices satisfy the following property: if W G J-a, W G F\i and W >~ W, 
then W G Fa'. Let A G T'". Let 

rA(^) {(W, i?) G J'a X A : i?(Wi) C Wi for all i}, and let 

eA(G,v4)=7(G,rA(A)). 

Let A (Ai, . . . , Xs) G -P", and let W (Tl^i, . . . , W^) G Tx- Let Qa(W) be 
the quiver representation 

iy,C ^ ^^_^C ^ . . .C ^ ly^C ^ 

where the arrows are the inclusion maps (obtained by restricting Iw\ If s = 
(so A = 0), we get the quiver representation consisting just of the space W 
without any arrows. 

Let 3^ be a class of linear operators over F^. We shall assume that A'^y . 
Let Q be an extension of Qq. Let tt = tt^^^ : End((5) End(QQ) be the 
natural projection map. Recall that 

G^ = 7r-i(G) n Aut(Q), and let 
A^ = 7r-i(^) nEndj;(Q). 

By Lemma O for any W G J^a, StabG(W)-orbits on {i? G ^ : R{Wi) C 
Wi Vi} are in a one-to-one correspondence with G*^^ '-^•'-orbits on yl'5^(^). It 
follows, by Lemma [42l that 

UG.A)= Y: jiG^^^^\A'^^(^^ (1) 
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Let W e T\ and fc e Z>o. Let ZJ^CW) be the quiver representation 

V Wj^ ^ M^s^i^ • • ^ Wx^ ^ W, 

where dimy = fc and the maps are as in (5a(W) (i.e. injective). Let (5^(W) be 
the quiver representation ri(_D^(W), a, 6) (as defined in the previous section) 
where a and 6 correspond to V and Wg respectively. Then Q^(W) may be 
depicted as 

^ Z ^ Ws^ ^ Ws-i^ ^ • • ^ ^ W 

(Note that dimZ = fc + and the sequence is exact at Z.) Consider again 
the case A = (). (Then W is the empty sequence and is omitted from the 
notation.) The corresponding quiver representation £)q does not have any 
arrows and consists just of the vector spaces V (dim = /c) and W . The quiver 
representation Qq is 

^ Z ^ W, (2) 

where the sequence is exact at Z. Write for and for Qq. Let 

Q(k) ^ qQ'' and A^y'' = . Recall that c{k,y) is the number of GL(V^)- 
orbits on End^(F). We shall prove the following result using Corollary [531 

Lemma 6.1. Let A = (Ai, . . . , A^) £ and ke'L>o. Let W e F^. Then 

+ E T. 7 G«r'-'"\.4j'-'-'""'). 
wVw 

where A' = (Ai, . . . , A^, A^+i). 

Proof. Let $ be the set of subspaces Wg+i of Ws such that 
W (W^i, . . . , Ws,Ws+i) e F(;,^,...a,,A.+i) 

for some Ag+i G [1, fc] (of course, then dim VK^+i = A^+i). Then $ is a complete 
set of representatives of StabG(W) on non-zero subspaces of Wg of dimension 
at most k. For each Ws+i £ choose a linear map aw^+i ■ V — > Ws with 
image Ws+i- 

Let H = G'°'('^). Then iJ = GL(V^) x G'^^^'^). Thus, any two elements of 
Hom(V^, Ws) are 7J-conjugate if and only if their images in Ws are StabG(W)- 
conjugate. Let S be the set consisting of the zero map V Ws and all the maps 
(^w,+i where W^+i runs through Then S is a complete set of representatives 
of i?-orbits on Hom(V, VF^). For each a G S, let L" be the quiver obtained 
from D^(W) by adding the map a : V ^ Ws, that is, 

V Ws^ ^ Ws-i'^ ^ • • -c ^ Wi^ ^ W. 

By Corollary [Ol applied to the group G^^^'^' < Aut (!)?;( W)) and to the set 
^DJ(W) ^ End(i:'*;(W)), 

7(g'^^^-\a^^(-^)=E7(g^°,4°)- (3) 
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(Here we use the fact that, if X G End(Q^(W)) and the actions of X on and 
Ws are 3^-endomorphisms, then so is the action of X on Z.) 
If a = 0, then, obviously, 



Since the quiver representation L)^(W) is the disconnected union of Q\(W) 
and the quiver representation that consists of the space V, we have 

Now consider the case a 0. Then a — avK^+i for some Ws+i G Fx' ■ Let O be 
the quiver representation I{K(L°', e), e) where e is the arrow from V to Ws in 
L". Then O may be depicted as 

V"^ ^ V ^ Ws+i'^ ^ Ws'^ — ^ — c ^ Wi'^ — ^ w, 

where V' = kera and the map V —>* Ws+i is induced by a. By Lemma 12.21 
the -orbits on Ay are in a one-to-one correspondence with the G"^-orbits 
on Ay. However, renaming V a.s Z and V' as V, we may identify O with 

Q^r^^+'CW) where A' = (Ai, . . . , A,, A,+i). Thus, 



The result now follows from ([3]), ^ and □ 

The main result of this paper may be stated in a very general form as follows. 

Theorem 6.2. Let y be a class of linear operators over¥q. Let fc G N. Suppose 
that G is a subgroup of GIj{W) and that A C End(Vl^) n y is preserved by G. 
Then 

j=a AG-Pf 

Proof. Recall that /(A) is the length (the number of parts) of a partition A. If 
s is a nonnegative integer, let 



^ J2 c{k~j,y)UG,A), 



3=0 AG-P" 

;(A)=s 



3=0 AGPT-j WeF;^ 

;(A)=s 

Since ^ C j;, we have A^''^^'^ = ^Qa{w)^ ^^^^^ ^ 
Observe that 



bo = l{G^'\A 
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Indeed, the only non-zero summand of 69 corresponds to the case j = k, X = {). 
Applying Lemma l6. II and rearranging the sums, we infer that, for any s, 

j=o xevjT-j wgFa ^ 



- E E E co-,3^)7(g^^^^\^ 
E E E 7(g'^^'^^\^? 



(w; 



i(A')=s+l 

= Gs+bs+l. (7) 

(The last equality follows from Note that, if s > fc, then Us = bs = 

because any partition A with /(A) — s satisfies |A| > s > k. Hence, by ([7]), 

60 = flo + ai H K flfc, 

and the result follows. □ 

We now deduce Theorem ll.il Let k,m & N, and let be a vector space over 
Vq of dimension m. Consider the quiver representation Q'-'^'' = {Eq, Ei,XJ , a) 
given by Q: say, Eq = {a,6,c}, Ua = V, Ub = Z, Uc = W {dimV ^ fc). Put 
G = GL{W) and A = y n End{W). Then, for any partition A £ P"\ the set 
Fa consists of just one flag, so 

UG,A)^nTiy). (8) 

Moreover, X = {Xa, Xi,, X^) X^ induces a one-to-one correspondence be- 
tween the G**^^ -orbits in A^^) and the ^{Z; F)-orbits in 3^ n End(Z; V). (Here 
we identify V with its image under the injective map V —>■ Z.) Hence, 

j[d'\4^)^.'l^;-{y). (9) 



Theorem 11.11 follows immediately from (jSj), ([9]) and Theorem 16.21 
Let A be a partition. It can be represented as 



where si > S2 > ■ ■ ■ > si. Let A be the set {si, . . . , s;}. If 5 C N is a finite set 
and fc G N, let r{k, S) be the number of partitions A such that X — S. That 
is, r(fc, S) is the number of partitions A such that A^ G 5 for all i and, for each 
s e 5, there exists i such that Ai — s. 

li S = {si, . . . , s;} is a set and si > • ■ • > s;, we shall identify the set 5* 
with the partition (si, S2, . . . , s;). (So the notation ^s(G, A) makes sense, for 
example.) 

Let W,G < GL{W) and A C End(W^) n 3^ be as above, with m = dim W^. 
It is clear that, if A £ "P™, then 

UG,A) = (-^{G,A). (10) 
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(Indeed, duplicating subspaces in a flag W does not add anything new to the 
structure.) Moreover, if a 5 = 5' U {m} is a subset of [1, to] containing to, then 

^s{G,A)^Cs'{G,A). (11) 

These identities aflow us to simphfy the expression in Theorem 16.21 
Corollary 6.3. Under the hypotheses of Theorem \6.2l 

k 

-i{G^^\Af)^Y.''{k-j,y) (r(j,^)+r(j,5U{TO}))C5(G,A). 

J=0 SC[l,m.-l] 

Remark. When calculating the last sum, we only need to consider those S C 
[1, TO— 1] for which X^sss s <k: X^ses s > k, then r(j, S) = r{j, S'U{to}) = 
for aU j e [0,fc]. 

Similarly, Theorem ll.il implies the following. 

Corollary 6.4. Let fc, to e N. Then 

k 

- E - ^) E (^(^' ^) + ^(^' ^ U {m}))«.F(3^)- 

J=0 5C[l,m-l] 

7 Inverting the formula 

From now on, we shall assume that y is the class J\f of all nilpotent endomor- 
phisms, so c{j,y) — p{j) for all j. Let W be an TO-dimensional vector space 
over Fg, where to G N is fixed throughout the section. Let G be a subgroup of 
GL(VF) preserving a subset A of N{W) (as in Section[6]). If A: S Z>o, define 

MG,A) = r{k,S)^s{G,A) and 

SC[l,m] 

MG,A) = MG,A)^q^k-r,-,{G,A) 
where, by convention, (pkiG, A) = ii k < Q. If 5* C [1, m — 1], then 

r{k, S U {to}) = r{k — m, 5") + r{k — m,S U {m}) 
for aU keN. Also, by (HJ), Cs(G,^) = Csu{m}(G, A). Hence, 
(/.fc_„,(G,A) - Y r{k-m,S)^s{G,A) 

SCfl.m-l] 

+ J2 r{k-m,SU {m})^su{m} (G, A) 

SC[l,m-l] 

Y r{k,SU{m})^su{m}{G,A). 

SC[ljn-l] 

It follows that 

MG,A)^ Y rik,S)^s{G,A). (12) 

5C[l,m-l] 

We now use Corollarv l6 . SI show that the numbers (pk (G, A) and i/^fe (G, ^) may 
be expressed (independently of G and A) in terms of 7(G^'^\ ^j^^), r € [0, k]. 
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Lemma 7.1. Let k E N. There exist integers uq, ai, . . . , Uk that depend only 
on k and m (but not on G or A) such that 

k 

i=o 

Proof. We prove the lemma by induction on k. Observe that 

MG. A) = e0(G, A) = 7(G<°\ = 7(G, A). 
By CoroUarv l6.3l 

fc 

j{G^'\a]!}^) = so (13) 

MG,A) = 7(G('=\Aj^))-p(fc)7(G,A)-^p(fc-j>,(G,A). 

i=i 

The resuh for (t)k{G, A) now follows by the inductive hypothesis. □ 

Corollary 7.2. Let fc e N. There exist integers oq, ai, . . . , Ok that depend only 
on k and m (but not on G or A) such that 

k 

MG,A) = Y.^MG^'\Af). 

j=o 

Also, there exist integers o'q, a'^, . . . , aj, depending only on k and m such that 

k 

Proof. The first statement follows from Lemma 17.11 The second statement 
follows from (fT5|) and the identity 

oo 

0,(G,A) = ^V,-,„(G,A), 

i=0 

which is a consequence of the definition of ipk{G, A). □ 

Let n — m{m — l)/2. It is proved in the Appendix that there exist (explicitly 
defined) integers ci, . . . , c„, depending only on m, such that 

fe-i 

r{k,S) = ~ ^k-jr{j,S). (14) 

j=k-n 

for all fc > n and all S* C [1, to — 1]. 

Proposition 7.3. Let n — m{m — l)/2. Let k > n. Then there exist integers 
OfcOj O'ki, ■ ■ ■ , CLkn depending only on k and m (but not on G or A) such that 

7(GW,A^^))=f]a.,7(G(^\A^^ 

j=0 
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Proof. By (|T2]) and (Ull), for all fc > n, 

fc-i 

An induction on fc shows that, for k > n, there exist integers a'j^^, . . . , aj,„ such 
that 

n 

By Corollary [721 the result follows. □ 

Remark. The matrix formed by the numbers r(fc, S) as fc runs through N and 
S runs through non-empty subsets of [1, to — 1] is of rank m{m — l)/2 = n, as 
shown in the Appendix. Thus, Proposition 17.31 is the best result that may be 
obtained via the method described. 

We now show that Theorem 11.31 is a particular case of this result. Let 
1 — {li, . . . ,lg) be a tuple of nonnegative integers with li + ■ ■ ■ + Ig — m. As 
before, let W = F™. Put G = P\q) < GL(VF) and A = N\q) C End(iy). 
Then A is preserved by G. The quiver representation Q''" may be depicted as 

Ua^ ^ Ub ^ W^Uc 

where the sequence is exact. Then the map End((3'^) End(C/fc), X ^ AT^ 
establishes an isomorphism between the G^'^^-action on A^-* and the P'^''(g)- 
action on N'^'^{q). (Here we identify P'''^{q) with the subgroup of GL{Ub) 
consisting of those maps g that preserve the image of Ua and act as an element 
of G on W.) Thus, 

Pfe,i('7)=7(G^'\^j^^ (15) 



Theorem 11.31 now follows from Proposition 17.31 

With n — m{m — l)/2, as before, it is shown in the Appendix that there 
exist (explicitly defined) integers di , . . . , c?„ such that 

ydAj,s) = [^ (16) 

[0 if 5 C [1,TO- 1]. ^ ' 

Proposition 7.4. Let to e N, and let W = F™. Let n = to(to - l)/2. Then 
there exist integers oq, ai, . . . , o„ depending only on to such that, for any G < 
GL(M^) and A C N(VF) with G preserving A, 

n 

C[i,™-i](G,A)=^a,7(G(^\^j^)). 
i=o 

Proof By and P ^ . 

n 

^d,^,(G,A)=^[i,„_i](G,A). 
i=i 

The result now follows from Corollary [721 CH 

In order to deduce Theorem 11.21 we put G ~ GL,„(g) and A — N„i(g). 
Then, by P{,,m){q) = l{G'^^\ A'^^)). Also, ^d,™-!] (G, A) = p(i..)(<z). Thus, 
Theorem 11.21 follows from Proposition 17.41 



20 



8 Groups associated to preordered sets 



Let C be a finite set. A binary relation =<; on C is a preorder if 

(i) X ^ X for all a; G C; and 

(ii) li X ^ y and y ^ z, then x z, for all x,y, z £ C . 

A preordered set is a finite set together with a preorder on it. Two elements 
x,y € C are said to be comparable if either x ^ y or y ^ x. If (C, is a 
preordered set, one can define an equivalence relation on C as follows: x is 
equivalent to y if and only if a; =<; y and y ^ x. The clots of C are, by definition, 
the equivalence classes with respect to this relation. Say that a clot D C C is 
minimal if there is no a; € C \ D such that x ^ y for some y € D. A partially 
ordered set is a preordered set each of whose clots contains only one element. 
The dual of a preordered set (C, =4) is (C, =4') where a; ^' y if and only ii y ^ x. 
We denote the dual of a preordered set C by C*. If (Ci, =<;i) and (C2, ^2) are 
two preordered sets, their disjoint union is the set Ci U C2 with the preorder ^ 
defined as follows: a; y if and only ii x,y € Ci and x y for some i € {1, 2}. 
Where appropriate, C'l UC'2 will denote the corresponding preordered set rather 
than just a set. 

We shall define preordered sets by diagrams as follows. Clots will correspond 
to nodes, with the number at each node equal to the number of elements in the 
corresponding clot; x ^ y ii and only if one can get from the node of x to the 
node of y by going along arrows. For example, 



1 2 1 




is (isomorphic to) the preordered set {1, 2, 3, 4, 5} where ^ is defined as follows: 
l=:<;3=::^4=5;3=:<;5and2=<;3. 

Let g be a prime power. Suppose (C, =:^) is a (finite) preordered set. Let 
M'^(q) = M'-'^-^^q) be the set of all C x C matrices X = {xtj) over such 
that Xij — unless i j, for all i,j E C. Let P^{q) be the group of all 
invertible matrices in M^{q), and let N'~^{q) be the set of all nilpotent matrices 
in M<^(g). Let 

For example, if C is the preordered set given by (fTT)) . then M'~^ [q) is (up to a 
permutation of C) the set of matrices of the form 

/* * * *\ 

* * * * 

0***. 

* * * 

\0 */ 

If 1 = (Zi, . . . , Zs) is a tuple of nonnegative integers, we shall also write 1 for 
the preordered set 

^^1 ^ J'2 . . . J-s-l ^ J-s 

Note that then P^{q), p\(q), etc. are as defined previously. 

If C is a preordered set, we shall aim to reduce the problem of finding pcW) 
to orbit-counting problems for matrices of size less than |C|, using Theorem l6.2l 
In some cases, we shall be able to express pc{q) in terms of po{q) where O varies 
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among preordered sets of size less than |C|. This wiU aUow us to calculate pc{q) 
using recursion for some C. 

Let (C, be a finite preordered set. Let C C be a minimal clot in C 
with |i:>| = k, say. Let E ^ {x e C : y 4 xWy e D}. Let D ^ C\D, E ^ C\E 
and C = C \ {D U E) . We shall view C x C matrices as endomorphisms of a 
vector space V over equipped with a basis {ei}i^c- Let Vd — span{ei}ig£), 
Ve = spanjeJ.eB, Vg = F/Vd and Vc = F/(Vd + Ve). We may view M"{q) 
as a subring of End(yo) using the projections of e^, i G -D as a basis of Vg. 
Similarly, we may view AI^' (g) as a subring of End( Vc ) . (By abuse of notation, 
we shall view {ei}i^c' as a basis of Vq'-) Let m — \C'\. If 

S' = {si > ■ • ■ > Sr} Q [l,m — 1], 

let Hs = HsiC) he the set of all flags W ^ {Wi, . . . ,Wr) such that 

Wr < Wr-l <■■■ <Wl<Vc' 

and dimPVi — Si for all i. Let tt : Vq Vc" be the natural projection. 
If W G Hs, write Tr~\W) for the flag {tt-^{Wi), . . . ,7r-i(W^)) in Vq. Let 
M%{q) ^(VD;7r-i(W)). That is, M^((7) is the ring of aU elements of 
M^{q) whose action on Vc preserves W. Let P^{q) be the group of all 
invertible elements in M^{q), and let N-^{q) he the set of all nilpotent elements 
in M^iq). 

Proposition 8.1. With the notation as in the previous paragraph, suppose 
that Hs is a complete set of representatives of the {q)-orbits on Hs for each 
S' C [1 , TO — 1] . Then 

k 

Pc{q)^Y.P^^~^) E {r{3,S)+r{3,SiJ{m})) ^ ^{P^{q), Ng{q)). 
i=0 SC[l,m-l] WeHs 

Proof. Let Z be a complete set of representatives of P'^(g)-orbits on N-^{q). 
Let ttd ■ M^{q) M^{q) be the natural projection, li X e Z, let Gx = 
7r^^(StabpB(g)(X)) n P^{q) and Ax = tt^^X) n N^{q). By Lemmag^a 

Pc{q) = l{P''{q),N^{q)) = ^ l{Gx,Ax). (18) 

x&z 

Let TIE ■ M'-' {q) M^{q) be the natural projection. Let X ^ Z. It is easy 
to see that t^e establishes a bijection between the Gx-orbits on Ax and the 
7r_E(Gx)-orbits on iTEiAx)- So 

-l{Gx,Ax)^l{^E{Gx),TrE{Ax)) (19) 
Let Q he the quiver representation 

Vd^ ^ Ve ^ Vc 

where the first map is induced by the inclusion Vd ^ Vc and the second map is 
the natural projection. Then Q is isomorphic to in the notation of Section[6] 
{Vc plays the role of W). Let x ■ End((3) End(yg; Vd) be the isomorphism 
which maps an endomorphism Y of Q to the action of Y on Vg. 

Our aim is to express j{nE{Gx),'^E{Ax)) by applying Corollary 16. 31 to the 
quiver Q''. In fact, this expression is the only substantial step of the proof. 
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Let G'x < -P*^ [q) be the image of Gx under the natural map P'^{q) 
P'^'(g). Let rj : M^{q) M^' (q) be the natural projection, and let A'^ = 
M^)} C N^'iq). Let ui : End(VE; Vd) Mc',c'iq) be the natural projection, 
iyij)i,jeE {yij)i,jec"- Since d =<; c for all d G D and c £ C", 

u;-\M^'{q))=M^{q). 

We identify the quiver representation Q with Q'^; let (G^)'-'^^ and (Ax)^^^'' 
as defined in Section [5] Then, by those definitions, 

xiiG'x)'^'^) = c.~\G'x)nP^{q) and 

x{{A'x)P) = ^-\A'x)nN^{q). 

Hence, clearly, x((^x)7^^) = 

We claim that x((G^)(''^) = 7r£;(Gx). It is clear that nE{Gx) Ctj-i(G^)n 
P^{q). For the converse, suppose that F = (i/y) G P^{q) satisfies G G^. 

Then there exists a matrix i? = (hij) G M'~''{q) such that ttd{B) fixes X and 
&ij = j/ij for all J,j G G'. Define i? = (rij) G M'~^ {q) by 'gluing together' 
7r_D(i3) and F: = y,., if i, j G £> U G' and = 6^^ if i, j G i? U G'. Then 
ttd{R) = T^oiB), so R e Gx, and 7r£;(i?) = F. Hence, Y G 7r£;(Gx)- 

We are now in a position to apply Corollarv l6.3l 

li7rEiGx),7rEiAx)) = i{{G'xf\iA'Jj^^) 

k 

= Ep(^-^') E Wj,^)+Kj,^n{m}))Cs(G:^,A:^) (20) 

j=0 SC[l,m-l] 

By definition, 

^^(G:^,^:^) = 7(G:^,{WGHs:X(7r-i(W))=^-i(W)}) 

= 7(Stabpfl(^)(X), {W G : X{7:-\W)) = 7r-\W)}). 

Let 

i = {(X, W) G A^-^(g) X Hs : X(7r-i(W)) = 7r-i(W)} 
By Lemma 14.21 (applied in two different ways) , 

Y,isiG'x,A'x)^liP''iq),L)^ J2 liP^iq),N^iq)). (21) 
xez weHs 

The resuh follows by combining (dH), ^ and □ 

Therefore, in order to compute pc{q), it is enough to find a set of represen- 
tatives Hs for each 5* C [1, m — 1] and to calculate 7(P^(q), N^{q)) for every 
W G Hs. 

Suppose that any two elements of G' are comparable. Then G' is isomorphic 
to some 1 = (Zi, . . . ,1^). Let S' = {^i > • ■ • > i„} C [1,to — 1]. The orbits of 
P^{q) on 7Ys(l) are well understood. (In fact, these orbits correspond to orbits 
of pairs of flags, of appropriate dimensions, under the action of Gljmiq)-) Let 
A^g be the set of tuples n = (nij),;g[i „] of nonnegative integers satisfying 

h > nn > > ■ ■ ■ > fiiu for all i G [1, s] and 

s 

riij — tj for all j G [1, u]. 

i=l 



23 



Relabel the basis {ejigc' of Vc as {/^ }ie[i,s] so that P'(q) = P^' {q) 

is the stabiliser of the flag consisting of the subspaces span{/ij}ig[i 
r = 1, . . . , s. (This relabelling is given by an isomorphism between C" and 1.) 
For each n e J^g, define a flag W" e as follows: 

VF" — span{/ij : l<i<S;l<j< nia}^ a = 1, 2, ... m. 

Lemma 8.2. [5, Example 2.10] Let 1 — (/i, . . . ,1^) be a tuple of nonnegative 
integers with m — li + ■ ■ ■ + Ig. Let 5 C [1, m — 1]. Then {W" : n £ ^5} is a 
complete set of representatives of P^{q)- orbits on T-Cs{V). 

If C" is isomorphic to some 1, we choose a set of representatives Hs as given 
by Lemma [8.21 In particular, for every W G Hs, each Wj is spanned by a 
subset of the standard basis {ei}i^c"- 

Let n e A^g. Write n^o = h and rii,u+i = for all i e Deflne a new 

preorder ^' on _D as follows: 

(i) suppose 11,^2 e C"; let 01,61,02,62 be such that e^^ — fai.bi and ej = 
fa2,b2i then ii 12 if and only if oi < 02 and there exists c G [0,u] such 
that 61 < nai,c and 62 > «a2,c+i; 

(ii) if either i ^ C or j ^ C , then i if and only if i =4 j- 

Note that, in case (P, ii =<! «2 if and only if ai < 02- It is straightforward to 
check that, ifii,Z2 e C", then ii 12 if and only if ii =:5; 12 and, forallj £ 
G W" implies £ W". (In fact, this is our motivation for deflning =^'). 

Let O = 0{S,n) be the preordered set {D,^'). It follows that M^r,{q) = 
M'^(^'")(g). Hence, 

7(P4"('?),A^4"('Z))-Po(S,n)(g), 
and we deduce the following from Proposition l8.ll 

Corollary 8.3. Let (C, ^) be a preordered set with a minimal clot D. Let 
k = \D\. Let C = {x e C : y 4 X yy € D} \ D. Let m = \C'\. Suppose the 
preordered set C is isomorphic to some I — (/i, . . . , Z^). Then 

k 

Pc{q) = Y.P^^ - ^) J2 {r{j,S)+r{j,Sli{m})) PoisM^), 

j=0 SC[l,m-l] nG^^; 

where 0{S, n) is defined in terms of D — C \ D, C and ^ as above. 

Since \D\ < |C|, this allows us to compute pc{q) by recursion as long as 
we can always find a minimal clot D such that any two elements of C" are 
comparable. Using this method, one may compute P[i-^^....i^){q) for all tuples 1 
with li + ■ ■ ■ -\- Is < 6, thus proving Proposition 11.41 (the explicit expressions 
are given at the end of Section [9]). Indeed, one can choose the clots D in such 
a way that the only preordered set occurring in that computation for which 
Corollarv l8.3l is not applicable is the one considered in Example 18.31 below. For 
more detail on the computation, see [4| Appendix B]. (The computation also 
uses the symmetry pc{q) — Pc*{q) proved in Section [5] below.) 

We now consider some examples of computations using Proposition 18 . 1 1 and 
Corollarv 18.31 For ease of notation, we list the flags W = W" £ Hs directly, 
without giving n. 

Example 8.1. Suppose C is isomorphic to (1, 1, 1, 1): say, C — [1,4] with the 
usual order. The only minimal clot is _D = {1}. Then E — and C" — {2,3,4}. 
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The only non-zero terms in Corollary 18.31 are given by = and S = {1}. 
If S* = 0, we get a summand p(i3)(g). Assume S — {!}. Then any W S Tis 
consists of a single 1-dimensional space Wi. So Hs consists of (62), (ea) and 
(64). IfW^i = (62), then O ~ (1'^), so we get another term /3(i3) (g). UWi = (e^), 
O is isomorphic to the preordered set Ai given by the diagram 

1 1 

(22) 

Finally, if T4^i — (e4),thenO~ (1, l)U(l), so we get a term p(i_i)(q). Hence, 
P(i4)(g) = 2p(i3){q) + paAq) + P{i^){q)- 

Example 8.2. We compute pAi (q), where Ai is given by (|^^ . We may take for 
D either of the minimal elements of Ai. Then E consists of the other minimal 
element, and C consists of the maximal element (label the elements 1,2,3 so 
that 3 is the maximal element). If S' = 0, we get p(i2)(g'). If S' = {!}, then 
necessarily Wi = (e^) and we get p(i2)(q) again. Hence, PAi(<z) = '2p{i^){q) — 4 
for all q. 

Example 8.3. We now compute pA2{q) where A2 is the partially ordered set 

111 




We may assume that the elements of A2 are 1, 2, 3, 4 where 1 is the smallest 
element and 4 is the largest. The only minimal clot is D = {1}. We have C ~ 
{2, 3, 4}. In this case, C is not isomorphic to any 1, so we apply Proposition l8.ll 
directly. If S* = 0, we get the term pAiiq)- Assume S = {1}. The following is 
a complete set of representatives for the action of P*^ (q) on the 1-dimensional 
subspaces Wi in Vc- 

{(62), (ea), (64), (62 + 63)}. 
In each of the first two cases, j{P^{q), N^{q)) — PAi{q)- If Wi = (64), then 
N-^{q) contains just the zero matrix, so the corresponding term in the sum is 
equal to 1. Finally, suppose Wi = (62-1-63). Then we do not get a term of the 
form po{q) for a preordered set O. It is possible to apply Corollarv l5.3l to find 
the corresponding term, but in this case we may find the orbits directly. With 
respect to the basis {62, 63, 64}, we have: 

^w'('Z) = I (0 a *\ ■.a,b€¥,\{0}} and 
[\0 bj 

r /o *^ 

[\0 Oy 

It is easy to see that a complete set of representatives of (q)-orbits on A'^ (q) 
is 

' ^0 0\ /O l\ /O flN 

, , l\ -.aeWq 
,0 0/ \0 0/ \0 0; 

So in this case liP^ (q), N^{q)) =q + 2. Thus, 

M2('Z) = 3Mi(9) + 1 + ('Z + 2) = g+15. 
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Example 8.4. We consider P{2,2,2){<l)- (2, 2, 2) is isomorphic to C = [1, 6] with 
clots {1, 2}, {3, 4} and {5, 6} (in the increasing order). The only minimal clot is 
D = {1,2}, so C = {3,4,5,6}. The only non-zero terms in Corollary 18 . 31 come 
from S ^ 0, S ^ {1} and S = {2}. If 5 = 0, we get p{2)p(2a) = '^P{2a)- If 
S = {!}, Hs contains two flags W = {Wi), namely Wi = (es) and Wi = (65). 
In the first case, we get P(i,i,2)(9)- In the second case, O is isomorphic to the 
preordered set A3 given by 




These two terms occur with the multiple 2 in the sum because r(2, {1}) = 
r(l,{l}) = 1. Finally, if S' = {2}, the possibilities for Wi are: (63,64), (63,65) 
and (65, 6e). These give rise to the terms P(2.2)(9), PA2i<l) and 4 respectively. 
(In the last case, O ~ (2) U (2).) Thus, 

P{2,2,2){q) = 3p(2,2)(g) + 2p(i,i,2)('?) + "^PaM) + PA2{q) + 4. 

9 Dual quiver representations 

Let Q — (£'0, U, a) be a quiver representation over a field F^. Define the 
dual representation Q* = {Eq, El,U* ,a*) as follows: 

(i) El is obtained by inverting all the arrows in Ei: for each e € Ei, cr*(e) = 
T{e) and T*(e) = a{e); 

(ii) U = {U*)a£Eo where U* is the dual space to Ua, 

(iii) a* = {al)e^Ei where a* is the dual map to ae- 

Recall that e{Q) = 7(Aut(Q), 7V(g)). If X e End(g), let X* e End(g*) be 
the endomorphism (X*)aeEo- 

Proposition 9.1. Let Q = {Eq, Ei,\J , a) be a quiver representation. The 
map X t— > X* is a ring isomorphism between End((5) and End(Q*)°P. Hence, 
0{Q)^O{Q*). 

Proof. Clearly, X X* is a ring homomorphism from End((5) to End((5*)°P. 
If y is a finite dimensional vector space, V** is naturally equivalent to V . This 
equivalence establishes an isomorphism from Q** onto Q, which identifies X** 
and X for aU X e End(Q). Hence, X i-^ X* is a bijection. □ 

Now let (C, ^) be a preordered set. Let ]/ be a vector space over ¥q with a 
basis {6i}igc- As in the previous section, we may then identify M'^{q) with a 
subring of End(y) using this basis. 

For each i G C, let 'D{i) = {j £ C : j i}. Let Tc = Tc{q) be the quiver 
representation (C U {0}, -Bi, U, a) such that 

(i) El is equal to C as a set, a{i) = i and r(i) = for all i £ C; 

(ii) Uo = V, and Ui = span{6j}jgx)(,;) < V for all i £ C; 

(iii) a,; is the inclusion map Ui ^ V for each i E C. 

It is easy to check that X ^ Xa is a ring isomorphism from End(Tc) onto 
M^{q). Hence, 

pc{q) = e{Tc{q)). (23) 
The following is an easy exercise. 
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Proposition 9.2. Let C be a preordered set. Then the rings End(r(J^) and 
M'-^ (q) are isomorphic. Hence, pc*{q) ^&{T^)- 

Combining p3|) . Proposition l9.1l and Proposition l9.2l we obtain the following 
result. 

Corollary 9.3. For any finite preordered set C , for all prime powers q, 

Pc{q) = Pc*{q)- 

In particular, if (li, . . . , Ig) is a tuple of nonnegative integers, then 

P{h....M{<l) = P{h.....h)il)- 

The following table gives the values of p\{q) for all tuples 1 = (Zi, . . . ,Zs) 
with li + ■ ■ ■ + Is < 6 (see [H Appendix B] for a detailed computation). In view 
of Corollarv l9.31 we list only one representative for each pair of distinct tuples 
{k, ...,ls) and {Is, ■ . . ,/i). 



1 I ~pM 



(1) 


1 


(2) 


2 


(1>1) 


2 


(3) 


3 


(1,2) 


4 




5 


(4) 


5 


(1,3) 


7 


(2,2) 


10 


(1,1,2) 


12 


(1,2,1) 


11 


(1,1,1,1) 


16 


(5) 


7 


(1,4) 


12 


(2,3) 


18 


(1,2,2) 


30 


(2,1,2) 


31 


(1,1,3) 


23 


(1,3,1) 


21 


(1,1,1,2) 


43 


(1,1,2,1) 


40 


(1,1,1,1,1) 


61 


(6) 


11 


(1,5) 


19 


(2,4) 


34 


(3,3) 


37 


(1,2,3) 


63 


(1,3,2) 


62 


(2,1,3) 


66 


(1,1,4) 


43 


(1,4,1) 


38 


(2,2,2) 


q + 89 


(1,1,1,3) 


93 



Continued on the next page 
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(1,1,3,1) 


84 


(1,1,2,2) 


g+ 121 


(1,2,1,2) 


120 


(1,2,2,1) 


113 


(2,1,1,2) 


g+ 127 


(1,1,1,1,2) 


(? + 185 


(1,1,1,2,1) 


173 


(1,1,2,1,1) 


g+170 


(1,1,1,1,1,1) 


g + 273 



Appendix 
Ranks of partition matrices 

Anton Evseev and George Wellen 

Let 5 be a subset of N. If fc G Z, let p(fc, S) be the number of partitions 
A such that |A| = k and G 5 for all i. Recall that r(/c, S) is the number of 
partitions A such that Xi G S for all i and, for each s £ S, there exists i such 
that Aj = s. 

Fix a positive integer m, and let n = m{m+l)/2. Let P be the matrix whose 
columns are indexed by non-empty subsets of [l,m], whose rows are indexed 
by nonnegative integers and whose {k, S) entry is p{k, S). Let R be the matrix 
whose rows are indexed by positive integers k and whose columns are indexed 
by non-empty subsets S of [1, m] with the (fc, S) entry equal to r{k, S). Thus, 
P and R have infinitely many rows and 2™ — 1 columns each. Our aim is to find 
out the ranks of P and R and to find linear relations between rows of P and R. 

If [l,m], let 



Ps{X)=^p{k,S)X' 



fe=0 



be the generating function of the sequence {p{k, 5'))_^o- Here, and in the sequel, 
X is a formal variable, and all expressions involving X are assumed to be 
elements of the ring Q[[X]] of formal power series over Q. 
Observe that 



l-X' 

k>0 

It follows that, for any non-empty finite subset S CN, 

Ps{X) = ] (24) 

Also, by the inclusion-exclusion formula, for all S C [l,m] and all k gN, 

r{k,S)= Yl (-l)l^l-l^'lMfc,5)- (25) 

S'CS,Sjt2l 

(Note that p{k, 0) = for > 0.) The following result can be easily proved by 
induction. 
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Lemma 1. For every natural number k £ [1, n] there exists a non-empty subset 
Sk of [1, m] such that k = ^ i. 

Let 

m 

A{X) = l[{l-X^). 
1=1 

Define integers cq , ci , . . . , by 



1=0 



Theorem 2. rank(P) — n = m{rn + l)/2. Moreover, for all k > n and all 

non-empty 5 C [l,77i], 

p{k,S) = - Ck-jp{j,S). 

j=k-n 

Proof. Let be a non-empty subset of [1, m]. By 



Ps{X)A{X) = W (1-^^), hence, 

ie[l,m]\S 

oo k 

Y ck-,p{3,s)x^ = n (1"^^)- 

fc=0 j=max(0,fc-n) iG[l,m]\S 

If fc > n, the coefficient in X^ on the right-hand side is (since S* ^ 0), so 

k 

Y Cfc-jP(j, S) = 0. 

j=k—n 

Then the expression for p{k.S) follows from the fact that cq — 1. It follows 
that rank(P) < n. 

To show that rank(P) > n, it is enough to prove that the polynomials 
Ps{X)I^{X) span a subspace of dimension at least n in Q[[X]] as S varies 
among the non-empty subsets of [l,m]. By 

deg(Ps-A)= Y i^n-Y^- 

i£[l,m]\S ieS 

Hence, by Lemma (TJ for each integer k G [0,n — 1], there exists a non-empty 
S C [1,to] such that deg(P5 • A) = fc. The result follows. □ 

Corollary 3. rank(R) — n. Moreover, for all k > n and all non-empty S C 
[l,m\, 

k-l 

r{k,S) = - ^ Ck^jr{j,S). 

j=k-n 



Proof. The expression for r{k,S) follows from Theorem [2] and ([25|) . By ([25| . 
rank(R) is equal to the rank of the matrix obtained by removing the 0-row from 
P. By Theorem m 

n 

C„p(0, S) ^ - Y (^n^jPU' 

i=i 

so the 0-row of P is a linear combination of the next n rows (c,i 7^ 0). Hence, 
rank(R) = n. □ 
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Define dj = X]"=6' •? ^ 1, 2, ... n. 

Proposition 4. for aZ/ non-empty S C [1,to], 

— : — : U otherwise. 

Proo/. Let f{X) = {Ps{X) - l)A(X). Then 

f{X)^ n (l-X^)-A(X). 

ie[l,m]\S 

Thus, f{X) is a polynomial of degree n, and /(I) is the sum of the coefficients 
of/(X) inX°,X\...,X". On the other hand, 

OO n 



Therefore, 



Hence, 



/(I) = E E ^) = E 



otherwise. 

By (pS)) . d.jr{j, S) is equal to this too. □ 
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